We provide a method for witnessing nonlocality of quantum processes on shared systems, which uses the channel-state duality. The method uses a maximally entangled state as a resource. We show that using the resource provides significant advantage over the corresponding protocol for nonlocality detection without the resource.
I. INTRODUCTION
Creation and manipulation of entanglement [1] are one of the basic necessities of quantum information tasks. Local quantum operations and classical communication between parts of a physical system cannot create entangled states between the parts. It is therefore important to identify quantum processes on shared systems that are not local. An efficient method for detecting entanglement of shared quantum states is by using entanglement witnesses [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . We show that a similar technique can be utilized for witnessing nonlocality of quantum processes on shared systems.
Just like the concept of entanglement witnesses for states, the technique of nonlocality witnesses for quantum operations also uses the mathematics around the Hahn-Banach theorem of normed linear spaces [12] . Additionally, we use the channel-state duality between quantum states and quantum operations [13] [14] [15] [16] . The proposed method requires a maximally entangled state as a resource.
We exemplify our method by considering the paradigmatic controlled-NOT (CNOT) gate on two-qubit systems. We also analyze the noise threshold that our method can withstand by considering a noisy CNOT gate, where the noise is modelled by the completely depolarizing channel. This also helps us to identify a trade-off between the noise threshold and the entanglement in the resource.
We begin in Section II with a short discussion on the Hahn-Banach theorem. This is followed by a short discussion on the channel-state duality in Section III. The results are presented in Section IV, followed by a conclusion in Section V.
II. THE HAHN-BANACH THEOREM
The Hahn-Banach theorem is a very important and powerful tool in functional analysis. It is an important contraption in finding whether a given quantum mechanical state of a multiparty physical system is entangled. Instead of the usual version, it is a corollary of the theorem that is utilized for the * sohail@hri.res.in † ujjwal@hri.res.in purpose.
Hahn-Banach theorem: [12] Let M be a linear subspace of a normed linear space N, and let f be a functional defined on M. Then f can be extended to a functional f 0 defined on the whole space N such that f 0 = f .
The following corollaries are consequences of the theorem.
If M is a closed linear subspace of a normed linear space N and x 0 is a vector not in M, then there exists a functional f 0 in N * such that f 0 (M) = 0 and f 0 (x 0 ) 0, where N * is the dual space of N.
Corollary 2: Let M be a convex compact set in a finite dimensional Banach space X. Let ρ M be a point in X. Then there exists a hyperplane that separates ρ from M.
Entanglement witness and Hahn-Banach theorem: It is known that the set of separable states of a bipartite quantum system is a convex compact subset of the set of quantum states [17] . So it is clear from corollary 2 that there exists a functional in the dual space of the Hilbert space of the physical system, which can distinguish an entangled state from the separable states. It can be constructed as a linear functional on B(H) where H is the joint Hilbert space of the bipartite system, in such a way that it assigns positive real numbers to the separable states and a negative real number to the given entangled state. The linear functional is of the form tr(W·), where W is an operator on H, being called an "witness operator". It has been shown [11] that W can be chosen as the partial transpose of the projector in the direction of an eigenvector of the given entangled state corresponding to a negative eigenvalue, provided the given entangled state does have a negative eigenvalue after partial transposition.
III. THE CJKS ISOMORPHISM
Let H 1 = C n and let φ : B(H 1 ) → B(H 2 ) be a linear map, where H 1 and H 2 are two Hilbert spaces. Let {e i j }, i, j = 1, 2, ...., n be a complete set of matrix units for B(H 1 ). Then the Choi-Jamiołkowski-Kraus-Sudarshan (CJKS) matrix [13] [14] [15] [16] 18] , for φ is defined to be the operator ρ φ = n i, j=1 e i j ⊗ φ(e i j ) ǫ B(H 1 ) ⊗ B(H 2 ).
The map φ → ρ φ is linear and bijective. This map is called the CJKS isomorphism. Using this isomorphism, the concept of "channel-state duality" emerges. Here, a channel or quantum channel is a completely positive trace-preserving map, which acts on the space of bounded operators on a Hilbert space. To understand the "channel-state duality" we need to have a look at the CJKS theorem on completely positive maps. The CJKS isomorphism, with the help of the CJKS theorem on completely positive maps, allows us to view completely positive trace-preserving linear maps acting on quantum states as a quantum state in a higher-dimensional Hilbert space. If we consider quantum states which are density matrices on an n-dimensional Hilbert space, then the completely positive trace-preserving map acting on them can be identified with a density matrix on an n 2 -dimensional Hilbert space.
Lemma: The CJKS isomorphism is continuous.
is the set of all linear maps from B(H 1 ) to B(H 2 ), for two Hilbert spaces H 1 and
The map
So, the sequence ρ φ n converges to ρ φ . This implies that the map f , the CJKS isomorphism, is continuous.
IV. NONLOCALITY WITNESS
We will in this section provide a general method for witnessing nonlocality of bipartite quantum operations.
Local operation and classical communication (LOCC):
The concept of local quantum operations and classical communication is a very useful one in quantum information. In an LOCC protocol, a quantum mechanical operation is performed on one of the parts of a bipartite system and the result of the operation, if it is a measurement, is communicated classically to the other part, where another operation is performed, based on the communicated results. This to and fro communication, interspersed with local quantum operations, may be repeated as many times as needed. The mathematical characterization of LOCC is a difficult one. Recently it was shown that the set of LOCC protocols is not topologically closed but the set of finite-round LOCC is a compact subset of quantum operations [19] .
Statement:
The set of separable operators is closed in the norm topology.
Proof: It is known that separable operators correspond to separable states under the CJKS isomorphism [20] . The set of separable states is closed and as we have seen in the Lemma above, the CJKS isomorphism is continuous. This implies that the inverse image of the set of separable states under the CJKS map is closed, i.e., the set of separable operators is closed.
In the case of constructing a witness for an entangled state, we use the fact that the set of separable states is convex and closed. The witness is constructed under the belief that the corresponding experimental set-up creates that entangled state. The witness, then, detects the state not only if the set-up is perfect but also if there are imperfections present. Notwithstanding any such noise in the set-up, provided the noise is not higher then a certain threshold, the witness guarantees the presence of entanglement in the state created by the set-up.
In a similar way, let Λ be a physical operator on density matrices in L(B(H A ), B(H B )) and consider an experimental apparatus that we believe to be implementing the operator. Ideally, we would like to find a witness to detect if the apparatus is implementing a map that is outside the LOCC class. This is a difficult problem. We however use the fact that the closed and convex set of separable physical operations on L(B(H A ), B(H B )) is mapped onto the closed and convex set of separable density matrices on H 1 ⊗ H 2 and vice-versa, via the CJKS isomorphism, where H 1 = H A ⊗ HÃ, H 2 = H B ⊗ HB, with dim HÃ = dim H A , dim HB = dim H B [20] . Therefore, given an apparatus that claims to implement Λ, we apply Λ on the H A ⊗ H B part of the state (unnormalized)
|i j AB |i j ÃB, assuming the latter to be available as a resource. The output state, ρ ABÃB , if non-separable as a density matrix in the AÃ : BB partition, will imply that the apparatus is implementing an operation that is non-separable in the A : B partition. The non-separability of ρ ABÃB in the AÃ : BB can now be checked by using the concept of entanglement witness for bipartite states. In particular, if ρ T AÃ ABÃB has a negative eigenvalue, then the partial transpose of the projector of a corresponding eigenvector can act as a witness []. Since the LOCC maps are contained within the set of separable operations, Λ will of course be non-LOCC. Moreover, the non-LOCC-ness is being detected here not just for Λ, but for any other operation that is sufficiently close to Λ, as we have already seen that the set of separable operations forms a closed set. We therefore have a method for witnessing the nonlocality of an arbitrary apparatus that acts on bipartite quantum states, provided the corresponding CJKS state is entangled. Let us now exemplify the method by using an apparatus that claims to implement the CNOT gate for C 2 ⊗C 2 .
Witness operator for CNOT gate: The CNOT gate is paradigmatic non-LOCC operator acting on C 2 ⊗ C 2 , that has been implemented in several physical system. The CJKS state corresponding to the CNOT gate is ρ CNOT , being given by 
where we have used the computational basis in ABÃB to express the density matrix, and where we have adopted the convention in which the identity superoperator in the CJKS isomorphism is applied onto the second system. ρ
CNOT has a single negative eigenvalue and it is non-degenerate. The partial transpose in the AÃ : BB partition of the projection on the corresponding eigenvector is given by 
where again we have used the computational basis in ABÃB to express the matrix. This operator can now act as a witness operator for detecting the non-separability of ρ CNOT in the AÃ : BB partition, thereby implying the non-separability (i.e., being not a separable operator) of Λ on H A ⊗ H B . This in turn will imply that Λ is not an LOCC on H A ⊗ H B .
The decomposition of the witness operator W is given by
where
α depends on i, j, k, l, and is equal to the total number of appearances of the indices 3 and 4 in the corresponding term in the summation. There are only 16 non-zero terms in the summation, viz. for (i, j, k, l) = (1, 1, 1, 2), (1, 4, 1, 3), (4, 1, 4, 4), (4, 4, 4, 1), (1, 3, 1, 4), (1, 2, 1, 1), (4, 3, 4, 2), (4, 2, 4, 3), (3, 1, 3, 3) , (3, 4, 3, 2) , (2, 1, 2, 1), (2, 4, 2, 4), (3, 3, 3, 1) , (3, 2, 3, 4) , (2, 3, 2, 3), (2, 2, 2, 2), and w i jkl = 1 for these combinations, being vanishing for others. Since W has been decomposed into a sum over local operations on H A ⊗ HÃ ⊗ H B ⊗ HB, we have a local strategy for measuring W.
Noise analysis: We now try to quantify the amount of noise that can be inflicted on the CNOT gate, and yet its nonlocality can be detected by the witness. For this purpose, we use the completely depolarizing noise, i.e., for a given map Λ, we consider the noisy map, pΛ + (1 − p)D, where D is the completely depolarizing map, and 0 ≤ p ≤ 1. By considering the CJKS state corresponding to the noisy map, we found that the nonlocality is still detected provided p > Comparison with situation when resource is absent:
The nonlocality of CNOT gate can of course be detected even when the maximally entangled state in AB :ÃB is unavailable. In this case, we can try to detect the nonlocality of the CNOT gate by applying it on |+ A |0 B , where |+ and |0 are respectively eigenstates of σ x and σ z corresponding to the eigenvalues +1 for each. The nonlocality is then detected by witnessing the entanglement in the output state. To compare this method with the case when the CJKS map is employed, we again consider the noisy CNOT map, pΛ CNOT + (1 − p)D, apply it on |+ A |0 B , and try to witness the entanglement in the output state. In this case, the nonlocality can be detected provided p > 2 3 . We therefore find that there is a clear trade-off between the efficiency of the nonlocality detection, as quantified by the amount of noise that the detection process can withstand, and the resource available. Provided that a resource, in the form of a maximally entangled state in AB :ÃB, is available, the noise tolerance is much higher.
V. CONCLUSION
The concept of entanglement witness form an efficient method for detecting entangled states. Entangled states are created by quantum processes that cannot be written in separable form. We show that it is possible top conceptualize a parallel method of witness for nonlocality of quantum processes. The method utilizes the channel-state duality between quantum channels and states. The method uses a maximally entangled state as a resource. We find that considering the witness for noisy maps provide us with a trade-off between the threshold amount of noise that the method can withstand and the entanglement in the resource.
